A self-consistent energy-independent non-local model pseudopotential theory has been developed for ternary alloys of simple metals for the first time. For K-Rb-Cs alloys, the partial structure factors are obtained by a solution of the standard Percus-Yevick equations for a ternary mixture of hard spheres. These partial structure factors are applied to calculate the electrical resistivities in the full concentration range of the alloy using the Ziman theory. Both the structure factors and the pseudopotential calculated form factors have been shown to be concentration sensitive. It has been shown that the electrical resistivities of the binary liquid alloys, such as K-Rb or K-Cs which exhibit nearly ideal structural behaviour, can be predicted to be in reasonable agreement with the experimental data. For ternary alloys, the calculated electrical resistivities vary smoothly with the concentration of each constituent, follow a well defined pattern in continuity and form a so-called 'electrical resistivity surface'. The results suggest that both the second-order non-local pseudopotential perturbation theory and the Ziman formalism are quite applicable in the prediction of the electrical resistivities of the multi-component alloys.
Introduction
The pseudopotential theory constructed from the first principles has been widely used in the prediction and interpretation of both the atomic and the electronic structures of simple metals and their binary alloys (for a review see, e.g., Hafner (1987) and Young (1992) ). However, such investigations for multi-component simple metallic alloys are still relatively unexplored. In the early 1980s, a self-consistent energy-independent non-local model pseudopotential (EINMP) (Wang, Lai and So 1980 , hereafter referred to as I, , hereafter referred to as II) was derived for use in the calculation of the electronic structure of the binary alloys of simple metals. The derived non-local pseudopotential contains a marked concentration dependence and has been successfully applied to the calculation of electronic transport coefficients of some alkali binary alloys and some Li-based polyvalent binary alloys. This has prompted us to consider further application of the derived pseudopotential to alloys containing three different simple metallic constituents.
The details of the calculation of the pair potentials that are parallel to the formula for binary alloys in EINMP theory are given in this paper for the first time. The K-Rb-Cs alloy systems have been chosen to be investigated as examples because they exhibit simple structural properties. For binary liquid alloys such as K-Rb, K-Cs and Rb-Cs, nearly ideal behaviour has been expected from both the experimental and the theoretical points of view (see Alblas et al (1981) and references therein). The electrical resistivities of some of those liquid binaries such as K-Rb and Na-Cs have also been well studied within the accuracy of the Ziman formalism by taking into account the non-local nature of the pseudopotentials (see e.g., Devlin et al (1973) and I). It has been shown that the Ziman-type theory can be applied successfully in the prediction of the electrical transport properties for simple binary alloy systems. However, a close examination of its applicability to multi-component systems is still needed.
It is well known that, for a random binary system, the three partial structure factors can only be derived uniquely from three diffraction experiments independently. For ternary alloys, generally speaking, six diffraction experiments are required, which can hardly be performed in laboratory. This forced us to rely upon results obtained from the solution of the well known Percus-Yevick equation for a model liquid consisting of hard spheres.
The rest of the article is organized as follows. In section 2 the EINMP has been extended to ternary alloy systems and the interatomic pair potentials for K-Rb-Cs alloys calculated; then the effective hard-sphere diameters and hence the partial structure factors have been determined. In section 3, these structure factors are used to calculate the electrical resistivities for pure K, Rb and Cs metals, binary K-Rb, Cs-Rb and K-Cs alloys and ternary K-Rb-Cs alloys. The influence of the form factors and structure factors on the electrical resistivities has been studied in comparison with the data experimentally available. The reliability of the second-order pseudopotential perturbation calculations, the hard-sphere partial structure factors and the applicability of the Ziman theory for ternary liquid alloys used have been checked. Conclusions are finally drawn in section 4.
Pair potentials and structure factors for ternary A-B-C alloys

Calculation of interatomic pair potentials
The numerical calculation of interatomic pair potentials V ij (R) for ternary A-B-C alloys can be performed in a similar manner to that for pure metals and their binary alloys (I and II). The pair potential V ij (R), i.e. V AA (R) between two A-type atoms, V BB (R) between two B-type atoms, V CC (R) between two C-type atoms, V AB (R) between A-and B-type atoms and V AC (R) between A-and C-type atoms, and V BC (R) between B-and C-type atoms, can be written as
where
is the ionic position vector for λth i-type (i = A, B, C or 1, 2, 3) atom in the system considered. Z eff,i is the effective valence and
with Z i and ρ i,d being the actual valence and depletion charge, respectively, of the i-type ion. F i,j (q) denotes the normalized energy wavenumber characteristic and takes the form
in which 0 is the mean atomic volume. 
for ternary alloys, with |N 1,k | −2 having the same meaning as equation (2.29) in I. The Fermi wavevector may be determined, as usual, from the equation
The formula for ternary alloys, such as (5), (7) and (8) derived here, can be converted to those forms for binaries if c 3 is set to zero. So they can be regarded as the unified form for A-B-C alloys in the full concentration range (including pure metal and binary alloy cases). In order to obtain the pair potentials of a ternary alloy according to equation (1) we have used firstly the EINMP as the bare pseudopotential for the ions in alloys and secondly the Ichimaru-Utsumi (1981) type of exchange-correlation factor in the calculation of the screened pseudopotentials.
For K-Rb-Cs ternary alloys, since no reliable experimental values of the atomic volumes 0 are available to us, it has been assumed that 0 changes linearly with the concentrations of K, Rb and Cs, i.e.
where K , Rb and Cs denote the atomic volumes of pure K, Rb and Cs, respectively, metals at the given temperature, and c K + c Rb + c Cs = 1. Such calculated 0 should contain no serious error in the fact that the maximum volume contractions are 1.0% for K-Cs and 5.7% for Na-Cs liquids (Alblas et al 1981) .
The calculation of the pair potentials as described above has been performed for the ternary liquid K-Rb-Cs system at 100
• C and a number of different concentrations. The calculated pair potentials for K 0.6 Rb 0.2 Cs 0.2 , K 0.4 Rb 0.2 Cs 0.4 and K 0.4 Rb 0.4 Cs 0.2 alloys are displayed in figure 1 as examples in comparing with those of pure K, Rb and Cs metals. The changes in the pair potentials due to alloying effects which merit emphasis have been summarized as follows.
(i) The first minimum of the pair potential of K-K shifts downwards with increasing Rb or Cs concentration, while that of Cs-Cs shifts upwards with increasing K or Rb concentration. Such a change is due mainly to the variation in the screening function with the mean electron density on alloying (see, e.g., Hafner (1987) and Young (1992) ), i.e. the electron density of the K ion in alloys is smaller than that in pure K metal, while the electron density of Cs is larger than that in pure Cs metal.
(ii) The pair potentials for unlike pairs such as V KRb (R) and V KCs (R) and V RbCs (R) do not differ very much from the mean values of
respectively. This suggests that there is no significant non-additivity presented in the pair potentials. Hence, there should be no significant compound-forming or phase separation tendency for the system considered.
(iii) The above analyses disregard any variation in the pseudopotential of each component on alloying (see, e.g., Hafner (1987) ). For some of the alkali-polyvalent alloys such as Li 4 Pb, this effect may play a dominant role in the accurate calculation of the interatomic pair potentials. For the K-Rb-Cs alloys considered, which lack strong ordering tendencies, this effect is negligible.
(iv) Another effect which should be considered is that, for heavier alkali metals such as Rb and Cs, the d state has been presented and hence s-d mixing may occur in both the pure metals and their binary and ternary alloys. According to the argument of Li et al (1986 Li et al ( , 1987 , the s-d mixing effect can be simulated by slightly changing the effective core radius from the EINMP value R l (l = 0, 1, 2), i.e. by replacing the parameter R l in the EINMP by R M l = R l (1 + δ), where δ is a small negative value. It has been found that the EINMP calculated form factors and the interatomic pair potentials are sensitive to δ. Such a modification can improve not only the thermodynamic and the structure results (Li et al 1986) , but also the electrical resistivities calculated for alloys. This aspect will be further analysed in section 3.2.
In order to gain some further insight into the alloy properties on alloying, it is useful to have a close examination of the changes in the pseudopotential calculated on-Fermilevel form factors w EC i,q (k) and the depletion charges ρ i,d for ions in alloys with different concentrations. The results have been shown in figure 2 and figure 3 for some K-Rb-Cs alloy cases. It is found that the concentration dependence of both w EC i,q (k F ) and ρ i,d can be taken into account effectively in the self-consistent EINMP theory. We shall evaluate this concentration-dependent nature later. As for the depletion charge, the absolute value of ρ i,d for the electronegative ion (K in K-Rb and K-Cs or Rb in Rb-Cs) decreases with increasing non-electronegative ion concentration, while the absolute value of that for the non-electronegative ion (Rb in K-Rb or Cs in K-Cs and Rb-Cs) increases with increasing electronegative ion concentration. Figure 2 shows that for the ternary alloys the largest difference in the depletion charges occurs between the K and the Cs ions. This implies a charge-transfer mechanism which accounts for the electrical resistivity maximum in the alloys as discussed in II for alloys such as Na-Cs and Na-K, i.e. the partial localization of the valence electrons on the K ion (which always behaves as an electronegative ion) becomes larger in going from K-Rb to K-Cs alloy. 
The hard-sphere partial structure factors
The expressions for the hard-sphere partial structure factors beyond the binary mixture in the Percus-Yevick approximation have been derived in the literature (Hoshino 1983) and are written in terms of the component concentration c i , the hard-sphere diameter σ i , and the partial packing density η i . η i takes the form for a given ternary alloy. Once σ 1 , σ 2 and σ 3 have been determined, the corresponding partial packing density and structure factors can be calculated. The values of σ i can be determined as in II for binary alloys using a relation which was first suggested by Ashcroft and Langreth (1967b) and has been confirmed later by Hafner (1977) and Perry and Silbert (1978) , i.e.
where V min ii is the depth of the first minimum in the pair potential and k B the Boltzmann constant. The thus determined σ i -values are summarized in table 1, together with the mean atomic volumes, the total packing densities η = i η i for alloys at selected concentrations. It is worth noting that, for binary K-Rb, K-Cs and Rb-Cs liquid alloys, the concentrationdependent hard-sphere diameters for both the heavier ion and the lighter ion will be increased with increasing concentration of the lighter ion, all exhibiting a nearly linear behaviour. The resulting total packing density changes smoothly but deviates slightly from a linear relation with the alloy concentration. This is not a serious problem since we have assumed a linear concentration dependence of the mean atomic volumes in calculating the pair potentials and η i . Finally, it should be noted that, since we have used a different exchange-correlation function in the pseudopotential calculation as in I or II, the σ i -value may be a little different from those determined in I and II for pure metals and binary alloys. Having fixed σ i and η i , the structure factors can be calculated. The results have been displayed in figure 4 for pure K, Rb and Cs metals and in figure 5 • C. The results obtained for pure K, Rb and Cs are in good agreement with the experimental data (Waseda 1980) in the low-q (q 2k F ) region as shown in the inset of figure 4. The concentration-dependent changes for each a ij (q) in ternary alloys are also clearly demonstrated. The reliability of the structure factors for binary and ternary alloys will be seen from their applications in the electrical resistivity calculations in the following sections. 
Electrical resistivities of K-Rb-Cs alloys
In this section, we apply the partial structure factors, as obtained in the preceding section, to calculate the electrical resistivities for K-Rb-Cs alloys at various different concentrations. The main purpose of this application is threefold: (i) to examine the applicability of the partial structure factors as determined in section 2; (ii) to study the concentration dependence of the electrical resistivities; (iii) to check the reliability of the low-order pseudopotential perturbation theory and the Ziman theory for multi-component simple metallic alloys.
Expressions for the electrical resistivities of ternary alloys
According to I, II and Wang and So (1977) , the electrical resistivity for alloy can be expressed as where ρ f is the electrical resistivity in the Ziman-type theory which is of the form (in atomic units system)
for ternary alloys. Herein a ij (q) is the Ashcroft-Langreth partial structure factors as determined in section 2, m * (k F ) and k F are the density-of-states effective mass m * (k F ) averaged over the Fermi surface and the Fermi wavevector, respectively; w EC i,q (k F ) is the on-Fermi-level form factor w EC i,q (k) calculated in a self-consistent manner with exchangecorrelation effects included for the i-type ion in a ternary alloy A-B-C. In using the approximation as argued in II, if m * (k F ) is approximated by the first-order density-ofstates effective mass, then equation (13) becomes
where m * F (k F ) and |N k F | 2 can be calculated using equations (7) and (8) with k substituted by k F . Equation (15) has been used in this work to calculate the electrical resistivities of K-Rb-Cs alloys at various different concentrations.
Electrical resistivities of pure alkali metals and their binary alloys
In order to check the accuracy of the theory and the hard-sphere structure factors used here, it is necessary to perform a comparison of the calculated and measured electrical resistivities for pure metals and their binary alloys. The theoretical results have been summarized in table 2. For pure metals K, Rb and Cs, the calculated electrical resistivities are 14.71 µ cm, 24.76 µ cm and 39.31 µ cm, respectively, at the corresponding melting points, compare favourably with the experimentally measured 13.1 µ cm, 22.0 µ cm and 36.0 µ cm. It has been found that, for the non-local pseudopotential calculated on-Fermi-level form factors, a kink at q ≈ 2k F appears for Rb and Cs which leads to a larger departure from the zero value in comparison with that of K (cf figure 2). Since a(q) increases abruptly as q approaches 2k F , the enhanced departure from the zero value of the form factor should contribute positively to the electrical resistivity for Rb or Cs. This also indicates that accurate form factors for ions in the alloys that exhibit a marked concentration dependence should be of extremely importance in yielding reasonable electrical resistivities. For binary alloys, K-Rb and K-Cs have been chosen as examples and the calculated results have been shown in figure 6 together with the experimental curves which were taken from the results of Hennephof et al (1972 Hennephof et al ( , 1978 . The results for K-Rb alloy are quite good. The K-Cs results, however, appear to be not quite as satisfactory. The discrepancy arises probably because we have used equation (15) instead of equation (13) to carry out the electrical resistivity calculations. The difference between the density-of-states effective mass m * (k F ) and the first-order density-of-states effective mass m * (k F ) has been neglected. It has been argued in II that m * (k F ) does not contain a positive contribution from the partial localization of the valence electron on the electronegative ions; hence, equation (15) will lead to a underestimation of ρ calculated for an alloy such as K-Cs. On the other hand, the partial localization of the valence electron due to the s-d mixing effects with the presence of the heavier ion Cs may also lead to an increase in the electrical resistivities of the alloy system. Since it is rather difficult to calculate the higher-order contributions involved in m * (k F ) , we shall evaluate the above-mentioned two kinds of valence-electron-localization mechanism in a similar manner by modifying the core radius of the EINMP according to the suggestions given by point (iv) in section 2.1. This can be done by assuming that, for each component i, the δ i -value will be in a linear relation to the concentration and increase as c i is decreased. The largest |δ| is 0.018 for the K ion and 0.03 for Cs. The final result thus calculated for K-Cs is also illustrated in figure 6 and proves to be an excellent improvement. It is worth noting that, under such modifications, both σ i and w EC i,q (k) will be changed systematically and both contribute positively (similarly in magnitude) to the final ρ-value. Since the goal of this paper is not how to obtain good numerical results, the details of the related calculations will be published in a separate paper and the following results for K-Rb-Cs alloys (see also table 2) do not contain such modifications. (Hennephof et al 1972 (Hennephof et al , 1978 ; ----, EINMP results; ---, modified EINMP results.
Besides the points mentioned above, the structural properties of K-Cs have been considered. It has already been mentioned that this alloy system exhibits nearly ideal mixing behaviour (we believe that the same will be true for K-Rb and Rb-Cs alloys). This can be studied by looking at the Bathia-Thornton (1970) partial structure factors and specifically the long-wavelength limit of the concentration-concentration partial structure factor S cc (0). As figure 7 shows, the resulting S cc (0) of the hard-sphere model coincides with the values of c(1 − c) predicted according to the ideal-solution model, which does not differ very much from the experimental results (Devlin et al 1973) . Hence, we may conclude that the electrical resistivity maximum does not necessarily have a close relationship to the possible existence of the chemical ordering or phase separation tendencies in the liquid structures, at least for the K-Cs alloy considered at 100
• C. 
Electrical resistivities of ternary alloys
The calculation of the electrical resistivities as described above is applied to the K-Rb-Cs alloys at 100 • C. The results thus calculated are summarized in table 2 for some alloys at selected concentrations. The electrical resistivity of the alloys, generally speaking, increases substantially from K-rich alloys to Rb-rich alloys and to Cs-rich alloys. However, such an increase is by no means linear if weighted by concentration in using the values of pure metals. The features worth noting are as follows.
(i) There is a pronounced maximum in the binary K-Cs alloys which is located at the higher atomic concentrations of the heavier element, i.e. at about 60-70 at% Cs. Such a maximum also appears for ternary K-Rb-Cs alloys if the concentration of Rb is set to, for example, 20 at%.
(ii) There is no maximum for K-Rb and Rb-Cs binary alloys, but the calculated results indicate that the departure from the mean electrical resistivity c 1 ρ 1 + (1 − c 1 )ρ can be as large as 8% of the mean value. In fact, this has already led to a flat top in the ρ-values for Rb-Cs alloy.
(iii) The electrical resistivities calculated for ternary K-Rb-Cs alloys (including binaries and pure K, Rb and Cs metals) change smoothly with the concentration of each component and, thus, form a well defined 'electrical resistivity surface' at 100
• C. This can be seen even more clearly when they are drawn in the three-dimensional space using the equilateral composition triangle, as shown in figure 8.
Points (i) and (ii) can be understood by recalling that the localization of the valence electrons on the electronegative component in the K-Cs alloy is larger than that in K-Rb and Rb-Cs alloys, as argued in I, II and section 3.2 of this paper. Such a charge-transfer mechanism, which is concentration dependent, can contribute both to the pseudopotential calculated on-Fermi-level form factors (cf figure 3) and to the pair potential-determined σ i and therefore the partial structure factors a ij (q) (cf figure 4), to yield systematic changes in ρ as noted above. Since changes in m * F (k F ) and |N k F | 2 -values due to alloying (cf table 2) are not large enough to cause a significant change in ρ at certain concentrations as noted in the above points (i) and (ii), they contribute only an overall correction to the calculated electrical resistivities when including full non-locality in the pseudopotential calculation. Point (iii) is direct verification of the validity of the self-consistent non-local pseudopotential calculation for ternary alloy used here; it also confirms that the σ i -values and the calculated partial structure factors of the hard-sphere model within the Percus-Yevick approximation are reasonable to apply to calculate the electrical resistivities for ternary liquid alloys within the Ziman formalism. 
Conclusion
In this paper, for the first time, the EINMP theory that was formerly developed for binary alloys of simple metals has been generalized self-consistently to ternary alloy systems to calculate the interatomic pair potentials. From the calculated pair potentials for the alkali K-Rb-Cs alloys, the hard-sphere diameters of each component can be determined and the partial structure factors are obtained by a solution of the Percus-Yevick equations for a ternary mixture of hard spheres. These partial structure factors and the form factors as employed in the computation of the pair potentials were used to calculate the electrical resistivities for K-Rb-Cs alloys at 100
• C within the Ziman formalism. From the calculated results we concluded the following.
(i) The calculated electrical resistivities of pure metals and binary alloys are in good agreement with the experimental data, within the accuracy of the Ziman formalism.
(ii) The partial localization of the electrons on the electronegative component in the alloy can be used in the interpretation of the electrical resistivity maximum presented in K-Rb-Cs liquid alloys which exhibit a nearly ideal structural behaviour.
(iii) For ternary alloys in the full concentration range, the calculated electrical resistivities vary smoothly with the changing composition of each alloy component, follow a well defined pattern in continuity and form a so-called 'electrical resistivity surface'.
(iv) Both the second-order non-local pseudopotential perturbation theory and the Ziman formalism have proved to be quite applicable in the prediction of the electrical resistivities of the multi-components alloys.
